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In this paper, a novel time-varying formation tracking control scheme in fixed-time framework under
directed topologies is proposed for multi-agent systems (MASs), with consideration of uncertainties
and the absence of the leader’s velocity measurements (LVMs). First, a novel cascaded fixed-time state
observer (CFTSO) under directed topologies without LVMs is developed for each follower to acquire
the estimates of the leader’s states (LSs) in a fixed time. Then, minimal learning parameter (MLP) meth-

ods combining with radial basis function neural networks (RBFNNs) are utilized to cope with the uncer-
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control problem.

tainties. Finally, on the basis of the designed CFTSO and MLP, a new formation control scheme in fixed-
time framework under directed topologies is established to solve the time-varying formation tracking
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1. Introduction

Recently, formation control problem for multi-agent systems
(MASs) has been gaining popularity and obtained a wealth of
achievements [1-3]. Note that the majority goals of the available
formation control strategies are realizing time-invariant formation
shapes. Nevertheless, such formations cannot satisfy practical
application requirements when multiple obstacles need to be
avoided and there exist rapid changes in external environment.
Thus, increasing achievements on time-varying formation control
have been made in recent decades [4-6].

Convergence rate is usually treated as a vital criterion to evalu-
ate the formation control performance for MASs. As we all know,
one of the efficient methods of improving convergence rate is to
realize finite time convergence compared to asymptotic conver-
gence. However, the settling time function derived from finite-
time stability analysis grows unbounded along with the values of
the initial states. For the sake of overcoming the above shortcom-
ings, fixed-time stability emerges in [7]. Such stability property
guarantees that the settling time is irrelative to the initial state val-
ues and uniformly bounded [8]. As a result of the superiority of
fixed-time stability, some studies of fixed-time consensus and for-
mation control for MASs are conducted in [9,10].
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Inaccurate leader’s velocity measurements (LVMs) in formation
control may result in deterioration of the control performance. In
practice, LVMs may be contaminated by noises [11-13]. To solve
the problem, some control schemes based on velocity observers
are investigated to estimate the LVMs in [13,14]. However, because
of the distributed manner of MASs, only a portion of the followers
can access to the state information of the leader, so that the output
of the velocity observer of the leader cannot be acquired by each
follower, which will bring the challenge to robust nonlinear control
design and analysis. To overcome this difficulty, some researchers
try to design distributed observers to provide the estimates of the
LVMs for each follower in [10,15,16]. Furthermore, to improve the
convergence rate of the observers and avoid the shortcoming of the
finite-time control, fixed-time distributed observers for the lea-
der’s states (LSs) are established in [9,10,17]. However, most dis-
tributed leader states observers are designed under connected
topologies, which means that the information sharing among the
followers is bidirectional and sets high demand on the communi-
cation channel. In fact, digraph communication topology costs less
resources and has a less requirement on the communication equip-
ment [9]. Great efforts have been made in [9,17] to extend the
existing results to the digraph cases, which are very meaningful.
However, both the leader’s position measurements (LPMs) and
LVMs are indispensable [9,17]. In [11,12], cascaded fixed-time lea-
der state observers are conducted for each follower to acquire the
estimates of the LPMs and LVMs in a fixed time without LVMs.
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However, the communication topologies are assumed to be con-
nected in [11,12]. Therefore, the leader state fixed-time observer
design problem without the LVMs under directed topologies still
remains open. It is really challenging to extend the existing results
to design such an observer since the analysis of the fixed-time sta-
bility is very complex. Besides, asymmetric topology property also
brings great difficulties to the observer design and stability
analysis.

The existences of uncertainties [18,19], disturbance [20] and so
on, may deteriorate the formation control performance, and even
result in instabilities of the closed-loop formation control systems.
To deal with uncertainties, radial basis function neural networks
(RBFNNSs) are widely utilized in the cooperative control of MASs
[21-24]. Nevertheless, it should be pointed out that a huge number
of adaptive parameters need to be updated online in the majority
of the existing conditional RBFNN based adaptive control, which
may be time-consuming and burdensome in reality. Aimed at solv-
ing this problem, minimal learning parameter (MLP) technique is
adopted in [25,26] for the hypersonic vehicle control. Then, some
researchers use MLP technique to deal with the uncertainty prob-
lem in the cooperative control for MASs, and to decrease the num-
ber of the adaptive parameters simultaneously [27]. However, the
assumption of the boundedness of the weight error matrix’s norm
needs to be satisfied in [27], which may be unreasonable in theory.
MLP technique is also used to deal with the uncertainty problem in
[23]. However, this result only achieves the boundedness of the
tracking error and severely depends on the accurate LVMs. Such
situation can result in the instability of formation control system
and even the failure of the formation task when the precise LVMs
are difficult to obtain.

As far as we know, the problem of adaptive time-varying forma-
tion tracking control for MASs with uncertainties in fixed-time
framework under directed topologies and without the LVMs still
needs to be investigated. Inspired by the aforementioned facts,
we propose a novel adaptive formation tracking control scheme
in fixed-time framework for MASs on the basis of MLP techniques
and cascaded fixed-time state observer (CFTSO) without LVMs.
First, a novel CFTSO under directed topologies is designed for each
follower so that each follower can acquire the estimates of the LSs
without LVMs in a fixed time. Second, MLP techniques based on
RBFNNs are adopted to deal with the unknown uncertainties and
lessen the calculative burden simultaneously. Finally, a fixed-
time adaptive control scheme with the proposed CFTSO and MLP
is constructed to deal with the time-varying formation tracking
control problem in presence of uncertainties and in absence of
LVMs under directed topologies. The highlights of this paper can
be summarized as follows:

1) The proposed formation control scheme and CFTSO are con-
structed under directed topologies. In fact, the majority of
the existing distributed observers are established under con-
nected topologies [10-12], where the stability analysis is
much easier due to the symmetric and positive definite
property of the Laplacian matrix of the connected graphs.
Hence, it is really nontrivial to construct the CFTSO under
directed topologies. In addition, different from the dis-
tributed fixed-time observer [9,17,28], there is no discontin-
uous term in the proposed CFTSO, which will not cause the
chattering problem. Furthermore, since the CFTSO is con-
structed such that each follower can get the estimates under
directed topologies within a fixed time, the whole formation
control scheme can work under directed topologies. The
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results in [29-31]| propose consensus control protocols
under directed topologies. However, the control inputs of
the neighbor agents are necessary, which may be hard to
be implemented in practice.

2) This paper addresses the time-varying formation control
problem in fixed-time framework for MASs without the
LVMs. In comparison with the available fixed-time consen-
sus and formation control scheme in [9,10,17,28,32,33], the
presented fixed-time formation control scheme can also
operate well without the LVMs since the novel CFTSO pro-
posed in this paper can get the estimates of the LSs within
a fixed time.

3) The proposed time-varying formation control scheme for
MASs on the basis of MLP and CFTSO can realize the
expected time-varying formation in a fixed time in presence
of unknown uncertainties. Different from the results in
[11,21,23,24], the proposed control scheme in this paper
can drive the formation tracking errors to a small region
around the origin within a fixed time instead of being ulti-
mately uniformly bounded (UUB). Compared to the result
in [27], the proposed formation control scheme is able to
realize the fixed-time convergence for MASs with uncertain-
ties in absence of the LVMs under directed topologies. Fur-
thermore, the number of the adaptive parameters can be
reduced to a great extent due to the application of MLP tech-
niques. As a result, the proposed control scheme overcomes
the drawbacks of the existing results and is really practical
and novel.

The remainder of this paper is organized as follows. Problem
description and preliminaries are introduced in Sections 2 and 3,
respectively. Formation tracking control scheme design is pre-
sented in Section 4. Numerical simulation results are given in Sec-
tion 5. Conclusions are drawn in Section 6.

2. Preliminaries

In this paper, the MASs with one leader and N followers are con-
sidered. The dynamics of the ith follower are described as

{

where x;(t) € R™ and v;(t) € R™ stand for the position and velocity
state vectors of the ith follower, respectively; m is the dimension
of the state vectors x;(t) € R™ and v;(t);u;(t) € R" represents the
control input vector; f;(x;(t), i(t)) : R*™ — R™ denotes an unknown
and continuous function vector.

The leader is modeled as

Xi (t) = vi (t),

. 1
7/i(t) :fi (Xi(t)vyi(t))+ui (t)7 i:1727"'N7 ( )

(2)

where xo(t) € R™ and v, (t) € R™ are position and velocity state vec-
tors of the leader, respectively; uo(t) € R" represents the control
input vector.

For the ith follower, we denote piecewise continuously differen-

tiable hi(t) = [hL(0), hT ()] € R*™  with
hyi(t) = hy(t) as the command vector, which is used to describe
the expected time-varying formation shape.

function  vector
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m(t)]T € R*™ be the formation tracking
error vector, where 5, (t) = xi(t) — Xo(t) — hy(t) and 6,i(t) = v;(t)—
vo(t) — h,i(t) are formation tracking position error vector and
velocity error vector, respectively. In addition, define d(t)

(07, (6),0%(0), - (0] and 6,(8) = 67, (6), 815 (0), .., ()] -

The control objective of the current paper is to propose an adap-
tive formation tracking control scheme in fixed-time framework
based on a fixed-time observer so that the formation tracking error
8i(t) is able to converge to a small region around the origin in a
fixed time under directed topologies without the LVMs, which
means the expected time-varying formation of MASs (1) and (2)
with uncertainties is realized in a fixed time.

Moreover, we made the following reasonable assumptions:

Let vector §;(t) = [0%(t), o]

Assumption 1. uy(t) is assumed to be acquired by the followers.

Assumption 2. The graph Gamong the followers and the leader
contains a spanning tree with the leader being the root node.

3. Fixed-time formation tracking control scheme design

In this section, firstly, a novel CFTSO is put forward to recon-
struct the states of the leader in a fixed time. The, MLP method
based on RBFNNSs is utilized to cope with the uncertainties. Finally,
a new formation tracking scheme based on CFTSO and MLP in
fixed-time framework is established for the MASs. The block dia-
gram of the overall formation control scheme is displayed in
Fig. 1. Firstly, the CFTSO is designed for each follower to provide
the estimates of the LSs in a fixed time. Then, combining the CFTSO
and MLP techniques which is utilized to deal with the uncertain-
ties, a fixed-time adaptive control law deduced by backstepping
method is proposed to achieve the time-varying formation tracking
in a fixed-time. In addition, for simplicity, we omit (t) for all the
variables in the rest of this paper.

3.1. Cascaded fixed-time state observer for the leader under directed
topologies

In this subsection, a new CFTSO is constructed for each follower
to estimate the LSs xq and 2, in a fixed time under directed topolo-
gies without the LVMs.

Let Xo; and 7; represent the estimates of xo and v, for the ith fol-
lower, respectively. The CFTSO is designed as:

P

v
Rl o :f-“.+AJ;um,fimh‘n.,—n,,»r“\ (]
— | N I o Formation Tracking
+ 02 2 Ry = o)+ Bi(xo = $0)) _ E
| ; 0 = %o } [i,‘f a ]L rrors
lig = x0T 3, a0, = 000+ bz, -l
| ek |
v
X, I a0 X oy = o0 + bz, — )] ‘
— =
| f

Adaptive Formation
Tracking Control Law

Backstepping Method

The Dynamics of
the ith Follower

oi = —hi[ex]" — Afeq]™

5,() = 0,(1)

0,(0) = fi(x;(0), 0,(1) + (1

Control Inputs

764 = [0 — o))" + [0; — 04]"

u = = nileu)" = ral&u)" + hy

- 30!

i€+ bt + 64y

Fig. 1. The block diagram of the overall formation control scheme.
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N
Xoi = oi+ K[> a5(Xj — Xoi) + bi(Xo — Xoi) | "
j=
N
+0,[Y_ai(Roj — Xoi) + bi(Xo — Xoi) ",
. T ) (3)
voi = K[ as(2o; — Vo) + bi(zy — vi) "
vieN;
N
+0,0> (o — Voi) + bi(z, — D01) | + ug,
=
where the observer gains Ky, Ky, p,,p, >0, the constant

d; > 1,q, < 1. Function [x|* = |x|*sign(x), where sign(x) is signum
function with respect of x with x € R. b; denotes the information
sharing between the ith follower and the leader. b; = 1 if and only
if the ith follower can receive the state information from the leader;
otherwise b; = 0. Moreover, we set a; = 1,j # i if and only if the jth
follower can deliver the state information to the ith follower; other-
wise a; = 0. z, is the estimate of v, for the ith follower with b; = 1,
which is acquired by the following fixed-time observer:

{

where z, is the estimate of x, for the ith followers with b; = 1. The
observer parameters m;,my,ms,my >0 satisfy m;,ms; € (0,1),
my,my >1 and ms =2m; — 1,my =2m, — 1 with m; € (1 — €, 1)
and m;, € (1,1 + €;) for sufficiently small constants €; and €,. Other
observer gains o, 0, 1, f, > 0 are selected to make the matrices A;
and A, meet the Hurwitz condition, where A; and A, are

NERNEY

—0lp 0 7ﬁ2 0l

Remark 1. For the ith follower satisfying b; = 1, only fixed-time
observer (4) is needed to obtain the estimates of xo and 7y within a
fixed time. For the ith follower satisfying b; = 0, the fixed-time
observer (3) and (4) are necessary. Besides, the input of observer
(3) z, is acquired by (4). Therefore, fixed-time observers (3) and (4)
constitute the CFTSO to provide the estimates of xq and v, for each
follower within a fixed time with no need for the LVMs.

2x =Zy— 0 [Zx _XOJml - B] (Zx _XOszv
Zy =Ug — Oafzx — Xo|™ — Bylzx — %)™,

(4)

Remark 2. Due to the cascaded structure of the proposed obser-
ver, the CFTSO consisting of (3) and (4) is able to obtain the esti-
mates of xo and », within a fixed time only dependent on LPMs,
while both position and velocity measurements are indispensable
in the fixed-time distributed observers in [9,10,17,28,32]. Note that
the outputs of the observer (4) z, and z, can only be obtained by
the followers which are directly accessible to the leader informa-
tion, while the other followers cannot due to the distributed man-
ner. Thus, distributed observer (3) is necessary for the ith follower
with b; = 0 since it is unreasonable to share z, and z, among the
followers.

Remark 3. The proposed CFTSO is established under directed
topologies, which is a really sounding innovation compared to
the cascaded fixed-time observers in [11,12]. Furthermore, any dis-
continuous item does not exist in the proposed CFTSO in this
paper, while discontinuous items sign(-) exist in the fixed-time dis-
tributed observers in [9,17,28]. Therefore, the proposed CFTSO is
really practical and robust in practice.

Theorem 1. Suppose Assumptions 1 and 2 hold. Then, each follower
can acquire the estimates of the LSs by the proposed CFTSO consisting
of (3) and (4) within a fixed time.
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Proof 1. The proof proceeds in three steps.

Step 1. In this step, it will be proved that the ith follower with
b; = 1 can acquire the estimates of the LSs in a fixed time by means
of observer (4). Define zy = zy — X and z, = z, — vp. Invoking (2)
and (4), we can get

o [Z)™ — Pi[2)™,
—02[2)™ — By [2 ™.

Then, on the basis of the result in [34], we can conclude that z,
and z, will converge to the origin within fixed time T,, which is
bounded by

j'rznar),(11 (P1) max (PZ)

(0= M1 Vomin (@1) (11 = 1 in Q)18

where matrices P;,P,,Q,Q, are positive definite and satisfy
PiA; +ATP; = —Q4,P,A; + ATP, = —Q,. Positive constant 1 satisfies
1< ;Lmin(PZ)-

Step 2. Define observation errors as Xy = Xgi — Xo
Vi = Voi — o. Since z, = vy when t > Ty, we define auxiliary
observation errors as Xo; = Xg; — Xo and 7g; = ¥o; — Z,. In this step,
we prove that Xo; and 7g; are bounded at any finite time interval
[to, t]. Then, the dynamics of Xo; and #; can be written as

Zy =2y —

H

z

()

T: < (6)

and

. - N ~ . ~
Xoi = Doi+ kx> _@(Xoj — Xoi) — biXoi|™
i
N ~ ~ ~
+Px [Zaij (Xoj — Xoi) — biXoi | ®,
j=1
. N (7)
= K, fzaij(i/o; — Doi) + bi(zy — D0i) | + g
=
N .
JFPJZGU(”OJ — Doi) + bi(zy — D0i) | — 2,
j=1
Let vectors #n, = [X),,XL,,... J?EN]T and n, = [08,, V%,, ..., Dy T
Then, (7) can be written in a compact form as follows:
"/’X =N, - KX“-“/])(JQ1 _px[H’/’quzz (8)
i/’v = _KV[H'/IVJq] - pv’—HrIquz + ﬂO _21),

where matrices B = diag{b;} and B=B® I;;H = (L + B) ® I, where
L = diag{>"}' a5} — A with A = [a;] € R™*"; vectors iy = 1y ® up and
Z, =1y ®2z,.

In addition, we define the following local neighborhood obser-
vation errors:

N
&i = > _a;(Xoi — Xoj) + biXoi,
=
N 9)
&yi = Zaij(%i — Vgj) + bivy;.
=

Taking the derivative of ¢, and ¢,; with respect to time t yields

éxi = — Ky Zalj |—8x1 SXjJ ) + bi ’—gxqul)
px(Za,-j((gX,-J‘h —[64]®) + bieu]®),
=1
N 10
b= KD ay([eu]™ = Tey]™) + bifew)™) 1o
=

N
=0 (D _ay([eu)™ — [24]") + bif£,i] ")
=1

~biz,.
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Construct the following Lyapunov function:

N
V= > o el el + 525 16l ™ )
q1+ Q2+
i=1
N (11)
T T
+Zp 141 l&uil ™ |€sil + q2+] l£4i| ™" |€4i])
i=1
= Vi+Vy
where Vi = 3 pig el ™ ’\exd + 27 L6l i), and

Vo = S0 (g el ™ [l + 32 |euil). p; is defined as the ith

element of vector [p;,p,,... ,pN] = (L+B)"1y. In addition, let
P = diag{p;.p,....,py} ® In and Q =1 (PH + H'P). Then, according
to Lemma 1 in [9], the matrices P and Q are both positive definite.
Thus, we have

V= zN:p,-(Kx(ex,J + pylxi)®) [0 — Kx Zayx
(IEX,-J% — e)™) + bil6a) )]
—ﬁ’;p,-ocx(w + pyle)® ﬁm(i}aux
(Foal® — [ogf®) +bleal®)]

N
—Zp,-(rcv[syij‘“
1Ky Za,j [e,]™

_Zpi(’cu [Svijq wJ
i=1

([€4i]™ — [£4]™) + bif€i|™)]
N

= pi(ku[eal® + p, ) ™) biz
i=1

By further computing, we can get

+p,Ten)®) x

FVJJ ) + bi [Svijm )]

Zau

N

S Pkl ea) " + pyTea) ) €ni — (K[ex)”

i=1

V_
+0,[6x)%2) PH(1x 6] + py[ex]®)
— (K€" + p,[80)%) PH (1, [E,)"

N .
+0,1601%) = > (Ko Ten|® + p,leu)®) bizy
i=1

From Lemma 1 in [9], we can get that —(k,[& "+ p,[&]®)"

PH(ic[ex|" + pelex]®) — (Kolen]™ + py(gvjqz)r x PH(ic,[e,]" +
0,[€,]) < 0.Then, the derivative of V turns into

N
V< Y opialeal” + pulea]®) e
P
N T, -
= pilkcolen)™ + p,leu)™) biz, (12)
P
N e
< V- ZPi(Kv{gvqul + p,l€4]%) biz,.
i1
where y; = B(q; + 1) with g = el The ast inequality is

derived from the fact and

|8xi|q2T8vi <

‘3x1|Q] Eui < |8)<1|q1 ‘Sxi‘ + ‘&/i‘ql ‘gﬂfl
il il + [€0i] T |0il-
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According to Step 1, z, is able to converge to the origin in a fixed

time. Thus, z, is bounded all the time. Then, b,—HZ,Hoo
a constant y, > 0. Hence, we have

< 7, holds for

y1v+y22p, Kollehlly + p IR l,). (13)

i=1

Let &,; be the Ith element of the vector &,,l=1,2,...,m. If

lewt| = 1,V1€{1,2,...,m}, V221 Pi (KuHF I+
T

PllER 1) < 72350 P: (Koleul™ + p,leal™) |eul < (@, + 1),V

If
ol < 1.V1E {1,2,om}, po S api(rolleft 11 + pollefilly) <
holds for a positive constant By.

For a more general case, that is, if |¢,;| < 1 holds just for some L
Then, we can get that 7,50 pi(c,lle% ], + p,lle% ;) <
(g1 + 1),V + B,. Therefore, it can be obtained

we have

By

V< (g +1)7,V +Ba. (14)
By solving the above inequality, we can easily get
Bd Bd 1), (t—
A VAC _A'_ie(‘h* )72(t=to) 15
@+ VO g ) 1>

As a result, by inequality (15), the boundedness of Vat any finite
time interval [to, t] can be obtained.

Step 3. In this step, we verify that the observation errors xo; and
Doi are able to converge to the origin within fixed time T,. From
Step 1, it follows that zy =z, = 0,Vt > T;. Then, for t > T,, the
dynamics of ¢,; and ¢&,; reduce to

& = — Ky Zau [exi]™ — [4]™) + bif&x]™)
_pX(ZaU((‘gxiﬂz — [eg]™) + bifeu]™),
n (16)
&y = —Kv(Zaij((s,,qu‘ — [ey]™) + bife.,i] ™)
=
N
=0, ai([en]™ — [e4]®) + bife,]?).
=

Firstly, consider the Lyapunov function candidate V. Its deriva-
tive with respect to time t can be written as

N
*ZPI‘(KU [€4i] "
i1

N
[KV(ZGU([EMJ -
=

Vs < + P, le) ™) %

[e4]™) + bifewi|™)]
N T
—Zpi(KV[Svqu] +pv|—8vijqz) X
o1

N
,,<Zav-wsyu"2 -

~(Ku[e0)" + p,[€0)%) PHx
(KK,[e uJ‘“+pJ »]%?)

KZZSIH 8Q1 +2Kyp qul 8‘12
+p? quz qu

Let Wy =23 e07eh 4 2k,0, 5N 1 617e® 4+ p2 5 SN 6% 6%,
we can get

[€0]%) + [€0i]®)] (17)

N

mm
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VZ < _)vmin(Q)Wl- (18)

29

In addition, we define the following terms: WZ:VT:

T 241
[€2i] ™ &0 )
N
[Zi:l (pi g

24y
g +1 ‘8v1‘q1 [evi] + Di 225 P |5v1|q2T &i])]527T.
By employing Lemmas 3 and 4 in [17], we have

2qq

qq+1
) T
(ZP1 qKI |8vi|q1 |8vi|>

2q;

20,
Py and W;=V2"=

qp+1

N C . Tia
i1 (Pi g 180l € i] + Py

a1
W, < 2am

e
+2q1+1 (Zpl 0 |8vi|q2T|3vi|>

(19)
B qu 2q,
% Ky N1+
< 27 (pugy) (Znsmh)
2qq(qp+1)
qp+1
+(1—”M qzil) <Z”8w]) I,
where py, = max{p;},i=1,2,...,N.
24,
N a1
Wis(en) < (sz T [&ui]" |8w|>
i=1
20,
r (73l
<Zpl q2+1 |(ow,“12 |81)i|>
(20)

2q5(q4+1)

2qp G +1

T
o)™ (Dsmnl)
LZ] N 2q;
2
)" (Znsuilh)
i=1

On behalf of verifying the fixed-time convergence of ¢,;, the fol-
lowing two cases need to be considered:

Case 1: If 0 < g, < 4, then 0 < 2q, < 1. From Lemmas 3 and 4 in
[17], we obtain

N

Ko
<pM qq+1

+ (PM

N 2q;
Wi(ew) > k2(Nm)' 27 (> lewll)
i=1

N q1+q2
1— —
+21,p, (NM) 172 (3 ey ) (21)
i=1
N 24,
200 leailly)
i=1
If S leull; <1, on one hand, we  have
2 .
Wi(en) = k(S ll€ally) ” with k; = p?%; on the other hand, due
to the fact 2q, 2%22% and %2 2q,, we get
2 2% 2.;1(2(1r i) 24
(Ciilleall)™ < (Siilleaill) ™ (Shalleall) ™ < (S lewll) ™
245291 +1)
N i
as well as (X0 flenlly) = < (2N llewill) ™™

Thus, we can obtain

N 2q;
Va< -k (Zﬁvih)

= (22)

e £
< -\ |:(V2)q1n + (\/2)z12\1:|7
el o=
where A =% with Q= (pyn)"+ (pu)” +
2 20y

20 (pM qﬁl)qﬁur 20 <p’V’ q;)il)qﬁl'
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I SV el > 1, hand,
Wi(en) = kl(zgilngvinl)qu with k; = x2(Nm)'~2%; on the other

hand, due to the fact 2q; > 222" > 2g, and 2q; > 22200, we

on one we have

N 2q,
get (it leaill)
201 (205 +1)
N |, 2q N |, 5 N o 2q
< iz llgaill) ' SOCitlenll) " < CCitallesillh) Y and
2q2(2q1+1) N qu
Clillewl) = < (S llewllh)
Similarly, we get
] ~ N 2q,
Va< kg (Z|8m‘1>
i=1 (23)

- 241 245
< N [(Vz)q"1 + (Vz)"z”}
where A; =
Case 2:If1 < g, < 1, then2q, >
4 in [17], we obtain

1. According to Lemmas 3 and

2q;

N
Wi(ew) = k2(Nm) 20 (S lewly)
i=1

N 2q;
+p5(Nm) 2 (3 leuly) (24)
i1
N q1+42
+26,0,(Nm)"™ %2 (Y "ley),)
-

If SV llewl; <1, on  one  hand, we  get
Wien) = k(XN l€uill,)™ with k, = p2(Nm)'2%; on the other
hand, it can be easily obtained that (ZLHS,AH])ZQ]

241 (29 +1) Py
< (M lenll) . (S lenl) T < (SN llewll) ™" and
2q, (2q4 +1)
(Z?’:l”gvi“l) RN (Zi:l”gviHl)
Thus, we can obtain
N 2q;
Vo< =k (Dsm—])
i=1 (25)
£ 20y

< A {(Vz)‘“'] + (Vz)'““}
where A, =%

If ZLH%JH >1, on one hand, we can get
Wi(en) = k(XN ||81,,»||1)2q1 with k; = kq; on the other hand, we
have (Z{Vl”

2q N )
eaill %% < (S leall D™ (N llewill) = < (O llewill) ™™,
2q4 (2q3+1)
as well as (S leil) 7 < (SN leall) ™"
Similarly, we get
. _ /N 2q,
s (Sl
i=1 (26)
N 241 245

< | )
where A, =%

Combining the above cases, we can obtain
) 241 243
Va<-A {(Vz)‘““ + (Vz)"z”], (27)

where
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min{A1 s A] },
min{Az, Az},

if0<q, <3; (28)

Therefore, from Lemma 2 in [17] and inequality Eqn 27, we can
conclude that ¢,; will converge to the origin within fixed time T,,
which is bounded by

e @t | @+l
Al —1)  A(1-qy)
After the convergence of ¢,;, the dynamics of ¢, can be rewritten
as

rmif j\q2<1.

(29)

b=~ 0y — [6g)%) + i)
- (30)
P36 — (5517 + bif5al").
j:

Similarly, we obtain that the &, can converge to the origin
within T; after the convergence of ¢,;, which is bounded by

Alg; =1) A1 —qy)
In this inequality,
- min{As,As}, if 1< 1.
L (32)
min{A4, A4}, if 1<q, <1,

2,
where A; =% Ay =% A, =% and A, =% with Q= (PM qfil) =

2q 1

(pu ng)‘““ £ (py )" 420 (py
K2(Nm)' 2% k4 = p2(mN)' ™%, and kq = ks.

Thus, from the above analysis, it can be proved that ¢, and ¢,
will converge to the origin in fixed time To = Ty + T2 + T3. From
Lemma 1 in [9], matrix H is invertible. Then, #, and 5, can
converge to the origin within fixed time T due to & = Hn, and
&y = Hn,. Furthermore, due to z, = vy when t > T4, the observa-
tion errors Xo and 7, will converge to the origin in fixed time To.

[ +1 =
qfil) Viks = piks =

As a result, the proposed CFTSO can provide the estimates of the
LSs xg and v, for each follower under directed topologies without
the LVMs within fixed time Ty. This completes the proof.

3.2. Radial basis function neural network and minimal learning
parameter technique

It is assumed that the uncertain term f;(x;, »;) € R" can be
described on a prescribed compact set IT € R*™ by

filxi, vi) = of (i, v) 1 + &, (33)
where ¢; = diag(eir, dizs- - pim) € R™T with
bir = [DN1: iz - d){,‘;l_}r € R being a set of {; Gaussian functions
with 1=1,2,...,m. w; =diag(wi;, mia,...,0im) € R™™ is the

ideal RBFNN weight matrix with w;; € R%, and ¢ is the RBFNN
approximation error vector. In real applications, the approximation
of f; can be given by

fitxi, vp) =

where @; = diag(@;y, @iz, ..., Dim) € R™™ with @; € RY is the
current estimate vector of the RBFNN weight for the ith follower.

In addition, we define the error matrix of the RBFNN weights as
Cbi = Wj — d)i.

@ i(%i, v) 1, (34)
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Remark 4. According to Stone-Weierstrass approximation theo-
rem, there exist positive constants ¢y, Wy, ey, such that
l¢ille < ém, IWille < Wy and [lgill; < ém-

To reduce the computation burden, in this paper, MLP tech-
nique is employed. Define 6; =diag{6i1,06i2,...,0im} with
i = lloyl3,1=1,2,...,m. Let 0; =diag{fi1,0:2,...,0im}, Where
0;, is the approximation of 0;,. Therefore, the weight vector @;; is
converted to its norm parameter 61, which can decrease the num-
ber of the adaptive parameters significantly. Then, according to
Remark 4, ||0;]| < 0y holds for a positive constant 0y,.

3.3. Fixed-time time-varying formation control scheme design and
analysis

Firstly, the formation tracking control law will be proposed by
adopting backstepping method. Then, the fixed-time stability of
the closed-loop MAS with uncertainties will be given.

For the ith follower, define the auxiliary formation tracking
position and velocity error vectors e,; and e,; as

hvi - 7~/Oi — W *21)-

Substituting (5) and (7) into (35), the dynamics of e,; and e,; for
the ith follower is

exi = Xi — hxi — Xoi = Xi — hxi — Xoi — Xo,

. 35
€vi = Vi — hyi — Voi = v; — (39)

N
ei= ey — Ky (Zaij()?()j — Xoi) — biXoi] "
i
N
—pul Y _ai(%g; — Xoi) — bi%oi|™ + Zu,
=

N
= —Ku[Y (D — Voi) + bi(zy — i) "
=

N
—p, [ (2o — Do) + bi(z, — ¥01)) "

j=1

+f1-+u,'7h,,,-fb,-u0,i: 1,2,,.47N.

Firstly, choose e,; as the virtual control input. The virtual control
law ¢; is designed as

0= —li[eq)" — Ja[eq)?, (37)
where 21,4, > 0,04, >1,0< u, <1.
Select a Lyapunov candidate function as
1
Vi = jeL-e,d. (38)
The time differentiation of (38) is deduced as follows
Vs= ef(—iled)" —iafeq)"
N
—Kx[ Y a;(Xoj — Xoi) — biXoi | "
Z (39)

N
—P > a(Roj — Xoi) — bi%oi | + 2,).
j=1

According to Theorem 1, both ¢, and z, are always bounded.
Therefore, through adopting Young’s inequality, there exists a con-
stant g, > 0 so that the following inequality holds

N
eli(— K[> _aij(Xoj — Xoi) — biXoi ™
=
N
=D _ay(Xoj — Xoi) — bikoi| +2,)
=
< 7€y 0
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Utilizing Lemmas 3 and 4 in [17], and on the basis of the fact
fq+1
that V5 < V,7 +

fp+1

V,7, Vs turns into

. R TR kit syl Hp+1
V3 < -2 7T m2 /L‘]V32 —277 ) 32
+V3 + 0,
B 1y L) (41)
< —27Tmz -1V,

-2 L -1)V;7 +o,.
According to the above inequality and Lemma 2.2 in [27], ey
will converge to a small neighborhood of the origin within a fixed

17 +1 —u
time if the following two conditions that ZHTm#/l] —1>0and
Hp 1

277 ], —1 > 0 are satisfied.
Then, the following nonlinear nonsmooth filter is introduced to

deal with the explosion of complexity problem:
Ti64i = (01 — 04i]"" + [01 — 04i]", 0ai(to) = 0i(to), (42)

where 7; is a small positive constant and the state g4 is the output
of the filter.

Define the tracking error as e,; = e,; — 64. The dynamics of ey
and e,; are written as

N
€yi + Oig — Ky fzaij(%j — Xoi) — biXoi ]

éxi =
j=1
3 X ¥ > ~
—Pu[Y_aii(Xoj — Xoi) — biXoi|* + 2o,
j=1
‘ i i ; (43)
€ii= —Ky ’—Zaij(voj — i) + bi(zy — VOi)Jql

=

N
—pu Y (o — Voi) + bi(z, — Doi) |®

j=1

+fi+u,‘*hm*6id*b,‘llo7l‘:1,2,...,N.

Thus, the actual control law u; for the ith follower can be
designed as

w= —yifen)" = ppenl™ + hy

T 4T g8 - (44)
— 107 ¢; d;i4i + bitg + G4,
where y;,7, > 0, and G4 is acquired through (42).
The corresponding adaptive law is designed as
i1 . .
Hi:j'ﬂid’?‘ﬁiEvi*ﬂiGiWn 1= 1727"'7N7 (45)

where constants ;,9; > 0, and E,; is a diagonal matrix with the ele-
ments of its principal diagonal being the same as the corresponding
ones of the matrix e,e?,.
Define the filtering error of the nonsmooth filter (42) as
6i:6i—0di- (46)
The time differentiation of (46) yields that
6 = —([Gi)" + [G:]") /i + 6. (47)

Construct the following Lyapunov function

1_,_ 1. - 1= 1
Vy=V3+-eley, +§tr(9?l//i '0;) + 5

Then, the derivative of V, with respect to time is

576 (48)
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V= el(=hleq]™ — Jafel* +2,

N
—Kyx [Zaij(koj — Xoi) — biXoi]"" + €,

J_ZN]:GU(XOJ — Xoi) — biXoi|” — 63)

=

el (= [eu) — 7 len)"

-3 é%%iém + 0l i1+ )
—K, Zau Voj — Voi) + bi(zy — Doi) |

*Pv§:au”w voi) + bi(z, — 20 ®)

+tr(0 il +676,i=1,2,...,N.

By applying Young’s inequality, it is easy to deduce that

el ol ¢ln <100 ¢, +1. Let 0;=0;— 0. Substituting the
adaptive law (45) into (49) and invoking yly, = tr(y,y!),
Vy1,¥, € R", we can further get
Va= €(~infeq)" —iafea)™ +2,
N
—1x[ Y _(Xoj — Xoi) — biXoi|" + @,
=1

N
—Px (Zaij(i‘Oj — Xoi) — bif(o,'jqz —0j)
=

+0;tr (0] 0;) — 9;tr(070;)
el (= [eul —pyeu]™ + &

N
—Ku[ > a0 — i) + bi(zy — i) "

(50)

=
N

—p,[> a0 — i) + bi(z, — i) |®
=1

=61 ([6:)"" + [6:)"?)/ti + 61 63,i=1,2,...,N.

Theorem 2. Consider the MASs constructed by N followers and one
leader. Suppose Assumptions 1 and 2 hold. Then, under the control law
(44) and the adaptive law (45), the MASs can realize the desired time-
varying formation within a fixed time, if the following condition is
satisfied

Mt

2T -3>0,
Hp+1
277 7,-3>0,

M1

1-p14

ml%y] -2>0,

. 51
Z*Iyz -2>0, S
12“‘?‘m‘ 250,

—2 > 0.

Proof 2. The proof consists of two steps. Firstly, we verify that
ey, @i, 0; and &; are UUB. Secondly, we prove that ey, e, and g;
are able to converge to a small region around the origin within a
fixed time.

Step 1. From Theorem 1, Xq;,Z, and &,; are all bounded. Thus, we
can get
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er(—Kx [Z aij(Xoj — Xoi) — biXoi ™)

+ey
j=1
N 52
el (— 1, [> a5 — o) + bi(zo — 900)| " (52)
j=1
N

1
< fex i€xi + 2 wew + 0y

where @, is a positive constant. In addition, by invoking Young’s
inequality, we have el;(e,; — 6;) < eley +1ele, + 1676 Therefore,
(50) can be rewritten as
V4 g e;—(—/l] |—exiJHl - /12 [exiJuz) 2 Xle)a
+en (=[] =y, ]’ + &) +ele
—0itr(016;) — 67 ([G:)" + [6:]"2) /7
+%6'ITC~T, + 6?61 + ﬁitr((){bl) + 0;-

+3el

(53)

Similar to [35-37], it is supposed that \|d’,»||§ < oy holds a pos-
itive constant oy;. Thus, by utilizing Young's inequality, we can
get that
1. 1 1

Furthermore, by utilizing Lemmas 3-4, if condition (51) holds,
we can obtain that

6?61‘ + =0 (54)

Vi< efi(—infeq)" — Jafe)") +3elex
+en (= [eu]! —7,eu]™ + &)+ €y
—0itr(0]0;) — 61 ([6:)" + [6:]"2) /7
+676; + 0itr (0] 0;) + 0, + Lo
+1 g +1
< ( #1 1-, )4121 3)(2 e;em) 12
u2+ 1L2+1
—(272 }2 -3)3eleq) *
1
(2 yl _2)(2 mim) : (55)
;12+ 22
-2y, *2)(2 Tieui)
+1 . 1
~(@2 M - 2)(3676y) -
g Mt
—(%ZT —-2)(3070:) 7
= 50tr (07 0) + Q
< 7%51 (e,f,-exi + éziém + 6’{6,‘
+tr (071 0:) + Q
= “4V4+Qy,
where positive number Q; =g, +1 20Mi +3 1y, GM +1 cM, and
& = min{2" s m, —3,2% 4, - 3,
Sy, - 2,2%, - 2,12 2,12 2 gy, The

penult inequality is based on the fact that y < y*1 + y*2 holds for
some positive constant y.
It yields that

V4<Q1 + (Valto) — Q1

) 1(t-to)

(56)

From inequality (56), we can obtain that all variables e,;, €, G;
and 0; are UUB.
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Step 2. According to Step 1, [|0j]l, < Op; holds for some positive
constant 6y;. Moreover, from Theorem 1, &; = &,; = Z, = 0 for all

t > Ty. Thus, for t > Ty, we have:
. ;41+] 1- “1 i+t
V4 < (2 1 2)(2 ex,e)a) 2
M2+ 1122+1
-2 )(zeme)a)
M1+1 17 ﬂlT“
(2 - 1)(2 meVl)
1
(2 yZ - 1)(2 mew) ? (57)
] ul+] 1, oot
—(z2 -2)(36{6:) *
w 15T~ fp+1
1% —2)d6le) T +Q
~ 1% M u2+1
—Gtr(0fy;0)) 7 — Gtr(0ly;'0)
~m ~ JO. a
where Q, = —10itr(070;) + Qtr(07y;'0:) = +Llom+ 100y +1ed+
. uz+1
Gtr(0Ty;'0:)
Since 0; is UUB from Step 1, we can get that
. IO kil . O S
—10;tr(070;) + G tr(0Ty;10;)) T + (3tr(07y;710;) = < Opy holds for

a positive constant 0;. Then, (57) can be rewritten as

1 1

V4 < —C1 (2 ex,ext) 2 + (2 emew)T)
J— fq+1 )11+1
—c1(36761) = + Gr(y; '0:) 7))
;42_+1 Hp+1
—c((Releq) T +(Lele,) 7)) (58)
o et iTy-10 [kl
—C2((36703) ? (1tr(9Tt//f 0) " )+Q,
< -2 ”]C1(V4) 3 *Cz(V4) T +Q27
where ¢; = min{2¥ml%h - liq/1 -1 l2¥m% -1,1}
and c; = mm{2 2 y2—2 2 yz—l —2 1 13
According to Lemma 2.2 in [27], we can obtain that
Xi= [EXI,EL,O'T]T is practical fixed-time stable and will converge

2

to the compact set Il within fixed time Tog%f])q(]ﬁ
W+T° where
IT = {X;|V4(X;)
2
Ce QT QBT
< min{(———=—2" (—— . 59
{((17(/))“ -9 H (39)

Since J,; = ey; and 6,; = e,; for t > Ty, 6 can converge to a small
compact set in fixed time T, by appropriately choosing the control
and adaptive parameters as well. Consequently, the MASs are able
to realize the desired time-varying formation in fixed time T,. This
completes the proof.

Remark 5. By means of designing the nonlinear nonsmooth filter
(42), the explosion of complexity problem brought from the back-
stepping technique is well solved. Moreover, in comparison with
the first-order traditional filters, filter (42) can guarantee the
fixed-time convergence of the filtering errors.

Remark 6. In fact, the followers and leader work with limited
energy. As an efficient method to reduce communication and
energy consumption, event-triggered strategy is widely utilized
in the control systems [28,33,38-44]. Thus, in our future work,
we will further try to combine the proposed formation control
scheme with event-triggered mechanism in the above literatures
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under directed topologies such that the proposed control scheme
is more practical. In addition, measurement incompleteness prob-
lem [45] also deserves deep research. Therefore, we will also try to
take measurement incompleteness problem into consideration in
the formation tracking control design and analysis in the future.

4. Simulation

To verify the effectiveness of the proposed formation control
scheme, we establish a MAS consisting of six followers and one lea-
der, whose dynamics are described by (1) and (2), respectively.
Choose the graph G, as the topology graph, which is shown in
Fig. 2. From Fig. 2, the graph Gy is a directed graph having a
spanning tree. In addition, for the 1st and 6th followers,
S ai; = 3),a = 0, which satisfies the condition of Assumption
1.

In this simulation, the six followers are supposed to form and
maintain a time-varying regular hexagon formation of which edges
lengthen along with time in the X-Y plane and to rotate around the
varying leader with x, = [5 cos(0.1t),5t]" simultaneously.

Moreover, the uncertainties f; are selected as

fi = Bsin(0.21x),2 cos(0.121y)],
f2 = [3¢c0s(0.22x),2 cos(0.2vyy)]",
f3 = [3sin(0.122,),2 cos(0.12%,)]",
fa = [3sin(0.122,),2 cos(0.122,)]", o
fs = [3sin(0.122,),2sin(0.122,)]",
fo = [35in(0.222,),2 cos(0.122,)]",

where v and v;y denote the elements of the vector v; = [vi, 1/,-y]T.
Moreover, h,; is given as follows

0.2tcos(0.1t + (i— 1)m/3)
0.2tsin(0.1¢ + (i — 1)7/3)

In addition, the values of the observer and control parameters
are set as shown in Tables 1 and 2, respectively. We choose the ini-
tial position states of the six followers and the leader as
x1(0) = [5,5]", %2(0) = [0, —4]", x3(0) = [-4,4]",
x4(0) = [3,3]", x5(0) = [5,2]", x6(0) = [1,-3]", x0(0) = [0,10]",
while the initial velocity state vectors of those are chosen as zero
vectors. Figs. 3-7 show the simulation results. Fig. 3 presents the
varying positions at t = 10,15,20,25,30s, from which we can
observe that the six followers achieve the desired time-varying
regular hexagon formation with the length of its edges growing
longer. Moreover, the six followers track the trajectory of the
dynamic leader in the meanwhile. Fig. 4 depicts the curves of dy;
along X-axis and Y-axis. Fig. 5 represents the curves of the obser-
vation errors Xo; and 7g; along X-axis and Y-axis. From Figs. 4,5,
we can get that the formation tracking error J,; can converge to a
small enough neighborhood of the origin in 5 s, while X; and 7g;

hyi(t) = (61)

5. 4G0

Fig. 2. The interaction graph.
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Table 1
Control parameters.
G /2 71 V2 My Hy T i
2 3 2 1 1.5 0.8 0.5 0.01
U 0 3 U4 Js Jg
2 2 2 2 1 1
Table 2
Observer parameters.
o o B Ba m my ms my
10 10 0.1 0.1 0.95 1.05 0.9 1.1
Kx Ky Px Py a1 a;
1 1 1 2 2 0.5
10 T T T T T
S5+ * . = Followerl
‘o: x *  Follower2
2 0f * o0 % x " x * B = Follower3
£ x x o x % Follower4
*
X5k * * « ° o s Follower5
x  ® x * % Follower6
-10F x 7 0 Leader
15 i [ [ i i
40 60 80 100 120 140 160
Y(m)
Fig. 3. Position snapshots of the six followers and the leader.
4 5
1500, 1500,
2 Followerl Followerl
&. —— Follower2 —— Follower2
0 < 1000} Follower3 < 1000 Follower3
z 2 £ Followerd £ Followerd
z, z ¥ Followers z Followers
5 - & T S00- Follower6 F 500 Follower6
= >0 L % z
o I B :
g Followerl e Followerl g 0 B 0
a6 —— Follower2 = Follower2 2 H
Follower3 Follower3 & &
< Follower4 Follower4 = -500 = -500
- Followers Follower5
Followers Follower6
-10 5 -1000 -1000
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 o 15 20 25 30 0 10 15 20 25 30
Time(sec) Time(sec) Time(sec) Time(sec)
Fig. 4. Formation tracking position errors on X-axis and Y-axis of the six followers. Fig. 6. MLP outputs on X-axis and Y-axis of the six followers.
Z., 2 1500 1500
1 E —— Followerl —— Followerl
2 z ollowerl Follower2 Follower2
& 2 8 4 Follower2 1000 ollower: 1000 ollower2
2 TAL % v 2 Follower3 || 2 Follower3
£ e ollower3 B >
s 0 s 3 4 —— Follower4 = — Follower4
g Followerl g Follower4 E =
g, i s Followers Z 500 Followers Z 500 Followers
E Follower2 52 ollower> ] z
2 2 ] Follower6 g Follower6
5. Follower3 z Follower6 o o
g Follower4 2 s 0 = 0
z ) 5
26 Followers 20 H 5
S » S
£, Follower6 £ £ s00 =500
g0 5 10 15 20 25 30 g0 10 15 20 25 30 £ g
Time(sec) Time(sec) 5 _1000} é -1000
£ 05 £ 4 |
Z Z -1500! -1500
B Z 0 5 10 15 20 25 30 0 10 15 20 25 30
[N o Time(sec) Time(sec)
§ g0
4 Followerl 4 Followerl . . . . .
£ .05 Follower2 £ Follower2 Fig. 7. Control inputs on X-axis and Y-axis of the six followers.
£ Follower3 z, Follower3
Z 4 Follower4 % Follower4
& Followers 2. Followers : : : :
5 oo 56 oover of the formation tracking errors. Fig. 8 presents the formation
g ollower6 g Follower6
5. g . .. . . .
£ 5 10 15 20 25 0 £ 10 15 20 25 30 tracking position errors on X-axis and Y-axis of the six followers
Time(sec) Time(sec)

Fig. 5. Observation errors of the six followers on X-axis and Y-axis.

converge to the origin at around 3 s. Figs. 6 and 7 display the curves
of the MLP outputs and the control inputs along X-axis and Y-axis,
respectively.

Moreover, we conduct another simulation under different ini-
tial states of the six followers to verify the fixed-time convergence
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under initial states x;(0) = [10,—10]", x,(0) = [-5,10]", x3(0)

[0,—8]", X4(0) = [-6,—6]", x5(0) = [-10, -4, x(0) = [6,6]".
From Figs. 4 and 8, we can get that the formation tracking position
errors converge in a similar settling time. Since the obvious feature
of fixed-time control is that the settling time is independent of the
initial states, we can draw a conclusion that the formation position
errors can converge in a fixed time under the proposed fixed-time
formation control scheme.
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E g
. ‘L
< [l >
= =
° Followerl E r/ Followerl
E Follower2 E Follower2
= Follower3 —5| = Follower3
Follower4 Follower4
Follower5 Follower5
Follower6 Follower6
10 20 30 ! 0 10 20 30
Time(sec) Time(sec)

Fig. 8. Formation tracking position errors on X-axis and Y-axis of the six followers
under different initial states.

5. Conclusion

In order to cope with the time-varying formation tracking con-
trol problem in a fixed time for MASs in presence of uncertainties
under directed topologies and with no need for LVMs, an observer
based adaptive fixed-time formation control scheme with MLP is
established in this paper. A new CFTSO is put forward to ensure
that each follower can acquire the estimates of the LSs within a
fixed time under directed topologies, which overcomes the diffi-
culty of the absence of the LVMs. By utilizing MLP technique, the
model uncertainties are well addressed and the computation bur-
den is lighted at the same time. The strict stability analysis is pre-
sented and the effectiveness of the proposed control scheme is
validated by the simulation results. In our future work, we will
do our best to achieve the fixed-time formation tracking for
multi-agent systems under directed topologies in the event-
triggered control framework. In addition, we will also explore the
measurement incompleteness problem and achieve expected for-
mation tracking in the meantime.
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